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Abstract
Dark energy might interact with dark matter in a direct, non-gravitational way, which can help remedy several
theoretical defects. In order to find out the properties of interacting dark energy models, it is necessary to
investigate the cosmological perturbations in detail. However, due to the improper use of pressure perturbation
of dark energy, a large-scale instability at the early stage occurs occasionally. In recent years, parametrized
post-Friedmann approach has been used to calculate the perturbation equations in the interacting dark energy
scenario. Under this framework, the dark energy pressure perturbation was replaced by the relationship between
the momentum density of dark energy and other components on a large scale. However, this paper shows that
if the interaction terms are related to the velocity perturbation of dark energy, the density perturbation of dark
matter and the matter power spectrum will diverge when the equation of state parameter of dark energy w
is close to −1. A simple parameterization steering clear of this problem is proposed in this paper which is a
more general form and can be applied to explore the interaction between dark matter and dark energy by using
various cosmological data.
Keywords: cosmology: theory – dark energy – dark matter
1. Introduction
Dark energy and dark matter are two major scientific issues
in fundamental physics in the 21st century. As two dominant
sources, they are indirectly detected via their gravitational ef-
fects nowadays. Except for gravitational interaction, the direct
non-gravitational interaction which does not violate current
observational constraints should also be taken into considera-
tion. Such a dark sector interaction can help overcome several
theoretical defects about dark energy, such as the cosmic coin-
cidence problem (Amendola 2000; Zhang 2005; Cai & Wang
2005). A detailed discussion about this interaction can pro-
mote the understanding of dark matter and dark energy.
Human beings know very little about the nature of dark
matter and dark energy, so it is hard to work out a reasonable
energy transfer rate Q from first principles. It is only accessi-
ble to construct some interaction models phenomenologically,
such as Q = 3βHρc and some more complicated models
(Skordis et al. 2015). In order to find out a better model that
can reflect the real process of interaction, it is necessary to
constrain the extra parameters resulting from interacting dark
energy model by using the latest cosmological data.
In order to testify the assumption of interaction between
dark matter and dark energy and constrain the intensity of in-
teraction, Einstein and fluid equations deserve serious recon-
sideration. In an interacting dark energy (IDE) scenario, the
energy conservation equations of dark energy and cold dark
matter can be written as,
ρ′de = −3H(1 + w)ρde + aQde , (1a)
ρ′c = −3Hρc + aQc , (1b)
where Qde = −Qc = Q refers to the energy transfer rate,
the prime represents derivative with respect to the conformal
time η, ρde and ρc are energy densities of dark energy and
cold dark matter, respectively. H = a′/a is the conformal
Hubble expansion rate, a is the scale factor of the universe,
and w is the equation of state parameter of dark energy. There
are several works that have been done to constrain Q by using
cosmic microwave background (CMB), the baryon acoustic
oscillation (BAO) and the type Ia supernovae (SNIa) (Guo et
al. 2007; Bohmer et al. 2008; Koyama et al. 2009; He et al.
2009b,c; Xia 2009; Martinelli et al. 2010; Wei 2011; Li &
Zhang 2014a; Yang & Xu 2014).
However, the above results cannot be used to explore the
full parameter space due to the well-known large-scale insta-
bility existing in the IDE scenario, which behaves as the blow
up of the curvature perturbation on a large scale for some spe-
cific values of the dark energy equation of statew and the cou-
pling constant β (Valiviita et al. 2008). So in order to avoid the
instability, it should be assumed that w > −1 and β > 0 for
Q ∝ ρde models (He et al. 2009a; Clemson et al. 2012) or
w < −1 for Q ∝ ρc models (Valiviita et al. 2008).
To use fewer parameters, people often consider dark en-
ergy as non-adiabatic fluid, which can cause the divergence
problem when w crosses the phantom divide w = −1
(Vikman 2005; Caldwell & Doran 2005; Hu 2005; Zhao et
al. 2005). Wayne Hu came up with an effective framework:
parametrized post-Friedmann (PPF) approach to solve the di-
vergence problem (Hu 2008; Fang et al. 2008). In this frame-
work, perturbation equations do not contain the perturbed
variables of dark energy which will be calculated in other
equations. In recent years, PPF framework has been used in
the IDE scenario (Li et al. 2014b,c). It can constrain the in-
teracting dark energy models without assuming any specific
priors onw and β. And the fit results show that the PPF frame-
work is effective in exploring the full parameter space of in-
teracting models.
However, the previous works only constrain the interacting
models like Qµde ∝ uµc , where uµc is four velocity of dark
matter. In this paper, the PPF framework for the IDE scenario
will be studied intensively. The result shows that when w is
close to −1, the velocity perturbations of dark energy in syn-
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2chronous gauge, vde will diverge. So if the perturbation of in-
teraction is proportional to uµde, the perturbation system will
diverge, including matter power spectrum. Therefore, another
interacting dark energy model is needed to avoid this problem.
This paper is organized as follows. In Sec.2, the general per-
turbation equations in terms of four perturbation variables and
conservation equations in the IDE scenario will be calculated,
and then the large-scale instability in Newtonian gauges will
be reviewed. In Sec.3, the PPF approach in comoving gauge
established in the previous paper (Li et al. 2014b) will be in-
troduced and then another divergence when w close to −1 in
PPF framework will be discussed in Sec.4. In the meantime, a
new interacting dark energy model to steer clear of the diver-
gence will be put forward. The conclusion is in Sec.5.
2. Perturbation equations and large-scale instability of
interacting dark energy model
2.1. Perturbation equations in the IDE scenario
Scalar perturbation plays the most important role in the in-
teraction between dark matter and dark energy. Under a FRW
universe, the scalar metric perturbations can be expressed in
general with four functions, A,B,HL and HT (Kodama &
Sasaki 1984; Brandenberger 2003).
δg00 = −2a2A , (2a)
δg0i = −a2B,i , (2b)
δgij = a
2(2HLδij + 2DijHT ) , (2c)
where B,i = ∂B/∂xi, Dij = (∂i∂j − 13δij∇2). Similarly,
the perturbation of the stress-energy tensor can be expressed
by another four functions.
δT 00 = −δρ , (3a)
δT i0 = −(ρ¯+ p¯)∂iv , (3b)
δT ij = δpδ
i
j + Π
i
j . (3c)
δρ is the energy density perturbation, ∂iv refers to veloc-
ity perturbation, and δp, Πij are pressure perturbation and
anisotropic stress perturbation, respectively. Therefore, the
general four perturbed Einstein field equations can be derived
by using perturbed scalar metric and stress-energy tensor.
− k2HL + 3H(HA−H ′L)−HkB −
1
3
k2HT
= −4piGa2δρ ,
(4a)
−kHA+ kH ′L +
1
3
kH ′T = −4piGa2(p+ ρ)(v −B), (4b)
− k2(HL +A) +H ′′T + 2HH ′T − kB′ − 2HkB −
1
3
k2HT
= 8piGa2Π ,
(4c)
HA′ + (2H′ +H2)A− 1
3
k2(A+HL)− 2HH ′L
−H ′′L +
2
3
HkB + 1
3
kB′ − 1
9
k2HL = 4piGa
2δp .
(4d)
All the equations have been converted into momentum space
with k the wave number.
The above equations are calculated without considering the
interaction between dark matter and dark energy. In the IDE
scenario, the results are the same because the stress-energy
tensor contains all the components of the universe. As for
conservation equations, in order to calculate the fluid equa-
tions for each part of the universe, the results have to be mod-
ified. In the IDE scenario, conservation law is ∇νTµνI = QµI ,∑
I Q
µ
I = 0, whereQ
µ
I is the energy-momentum transfer vec-
tor of I fluid. It can be written in a general form Kodama &
Sasaki (1984); Valiviita et al. (2008),
QIµ = a(−QI(1 +A)− δQI , [fI +QI(v −B)],i) , (5)
where µ = 0 and µ = i refer to the energy transfer and the
momentum transfer of I fluid. For ν = 0, the conservation
laws become continuity equations; and for ν = i, the con-
servation laws become Euler equations (Kodama & Sasaki
1984),
δρ′I + 3H(δρI + δpI) + (ρI + pI)(3H ′L + kvI)
= a(δQI +AQI) ,
(6a)
[(ρI + PI)(vI −B)]′ + 4H(ρI + PI)(vI −B) + 2
3
kcKpIΠ
− k[δPI + (ρI + PI)A] = a(fI +QI(v −B)) ,
(6b)
where cK = 1− 3K/k2 with K the spatial curvature. In this
paper a flat universe is assumed, so K = 0 and cK = 1.
The covariant Einstein and conservation equations can be
applied to any choice of gauge. Under gauge transformation,
only two functions are needed to specify a gauge. For more
details about the gauge transformation, please refer to Bran-
denberger (2003).
Three useful gauges are used in this paper.
• Newtonian gauges, which is specified by the conditions
(Ma & Bertschinger 1995),
B = 0, HT = 0,Ψ ≡ A,Φ ≡ −HL . (7)
• Comoving gauge, which is useful when constructing
the PPF description (Hu 2008),
B = v,HT = 0, ξ ≡ A, ζ ≡ HL . (8)
• Synchronous gauge, which is used in numerical calcu-
lation (Ma & Bertschinger 1995),
A = 0, B = 0, ηT ≡ −1
3
HT −HL, hL ≡ 6HL . (9)
It can be found that there are six variables and only four
equations are independent. The relationships between δp,Π
and the density fluctuations need to be built to complete the
equations. Generally, people construct the relationship be-
tween pressure and density fluctuations by defining the sound
speed cs and adiabatic sound speed ca.
δp = c2aδρ+ (c
2
s − c2a)(δρ− ρ¯′
v −B
k
) . (10)
3After putting this relationship into Eq.6, the equation will be,
δ′I + 3H(c2s,I − wI)δI + 9H2(c2s,I − c2a,I)(1 + wI)
vI −B
k
+ 3(1 + wI)H
′
L + (1 + wI)kvI
=
aQI
ρI
[
A− δI + 3H(c2s,I − c2a,I)
vI −B
k
]
+
a
ρI
δQI ,
(11a)
(vI −B)′ +H(1− 3c2s,I)(vI −B))−
c2s,I
1 + wI
kδI − kA
=
aQI
(1 + wI)ρI
[
v −B − (1 + c2s,I)(vI −B)
]
+
afI
(1 + wI)ρI
,
(11b)
where δI = δρI/ρI .
2.2. Large-scale instability of interacting dark energy
model in Newtonian gauges
The rest part of this section mainly talks about the large-
scale instability of interacting dark energy model. For the
model described by the covariant energy-momentum transfer
four-vector Qνc = −Qνde = −3βHρcuνc , the transfer terms
can be derived as,
Qde = −Qc = 3βHρc , (12a)
δQde = −δQc = 3βHρcδc , (12b)
fde = −fc = 3βHρc(vc − v) . (12c)
In Newtonian gauges, the density and velocity perturbation
equations of dark energy and dark matter Eq.11 can be written
as,
δ′de + (1 + w)(kvde − 3Φ′) + 9H2(1− w2)
vde
k
+ 3H(1− w)δde = 3aβH ρc
ρde
[
δc − δde + 3H(1− w)vde
k
+ Φ
]
,
(13a)
v′de − 2Hvde −
k
(1 + w)
δde − kΦ = 3aβH
(1 + w)
ρc
ρde
(vc − 2vde) ,
(13b)
δ′c + kvc − 3Ψ′ = −3aβHΦ , (13c)
v′c +Hvc − kφ = 0 . (13d)
Here, set c2s,de = 1.
Now consider the early radiation era. In this period, H =
η−1. So the four perturbed Einstein field equations in Newto-
nian gauges become,
k2Φ + 3η−1Φ′ + 3η−2Ψ′ = −4piGa2δρ , (14a)
kη−1Ψ + kΦ′ = 4piGa2(p+ ρ)v , (14b)
k2(Φ−Ψ) = 8piGa2Πν , (14c)
Φ′′ + η−1Ψ′ + 2η−1Φ′ − η−2Ψ′ + 1
3
k2(Φ−Ψ) = 4piGa2δp .
(14d)
In order to work out a solution in the super-Hubble scale limit,
kη  1, a leading-order power-law form for the perturbations
is assumed,
Φ = AΦ(kη)
nΦ ,Ψ = AΨ(kη)
nΨ ,
δI = BI(kη)
nI , kvI = CI(kη)
sI .
(15)
The two first order differential equations of dark energy can
be converted to one second order differential equation, and
then get the solution of nΦ (Valiviita et al. 2008),
nΦ =
−(1 + 2w)±√3w2 − 2
1 + w
. (16)
It can be figured out that when−1 < w < −
√
2
3 , nΦ > 0, the
curvature perturbation will continue to grow, which results in
large-scale instability.
The large-scale instability seriously hinders the studies of
IDE. Until this problem is solved, people have to investigate
IDE models in part of their parameter space. In the next sec-
tion, an attempt to avoid this instability will be introduced to
solve the divergence problem when w cross w = −1.
3. PPF framework for the IDE scenario
Obviously, the large-scale instability is caused by improper
use of calculation of δpde. In the normal case, dark energy
is considered as non-adiabatic fluid. The interaction between
dark matter and dark energy will lead to the rapid growth of
non-adiabatic mode. It is necessary to find a more effective
framework to calculate the cosmological perturbations of dark
energy. In the previous work (Li et al. 2014b), they established
a PPF framework for the IDE scenario, which can success-
fully solve the problem of instability in the IDE models.
In this paper, the PPF framework in comoving gauge is
applied with the symbols of Li et al. (2014b), ζ ≡ HL,
ξ ≡ A,ρ∆ ≡ δρ, ∆p ≡ δp, V ≡ v, ∆Q ≡ δQ. B = VT
where VT represents the velocity perturbation of total matters
except dark energy. In the following part of this paper, the sub-
script T is used to refer to all the components without dark en-
ergy. Π and fI are gauge invariant, so the expressions remain
unchanged. For dark matter, ∆pc = Πc = 0, the fluid equa-
tions can be calculated by Eq.11. As for dark energy, Πdecan
be set as 0 and another equation is needed to complete the
dark energy perturbation system.
Under PPF framework, the additional equation should sat-
isfy two requirements. The first one is on superhorizonal
scales. When kH = k/H  1, the relationship between
Vde−VT is parameterized by a function fζ(a) (Hu 2008; Fang
et al. 2008).
lim
kH1
4piGa2
H2 (ρde + pde)
Vde − VT
kH
= −1
3
fζ(a)kHVT .
(17)
Putting this relationship into Eq.4b in a flat universe, and the
equation of motion for the curvature perturbation ζ on a large
scale can be obtained,
lim
kH1
ζ ′ = Hξ + 1
3
fζ(a)kVT , (18)
where ξ in comoving gauge can be obtained from Eq.6,
ξ = −∆pT −
2
3pTΠT +
a
k [Qc(V − VT ) + fc]
ρT + pT
. (19)
The second condition is on the small scales kH  1. The
evolution of the curvature perturbation is described by the
Poisson equation,Φ = 4piGa2ρT∆T /k2, where Φ is the per-
turbation of matric in Newtonian gauges. Then a dynamical
function Γ will be introduced to meet the two conditions,
Φ + Γ =
4piGa2
k2
ρT∆T . (20)
4In order to complete the equations, it is necessary to figure
out the differential equation of Γ. Take the derivative of both
sides of Eq.20 with respect to the conformal time, together
with Eq.4a and the process can be written as follows,
Γ′ = −Φ′ + 2H4piGa
2
k2
(ρT∆T )− a(Qcξ + ∆Qc)]
− 4piGa
2
k2
[3H(ρT∆ + ∆pT ) + (ρT + PT )(3ζ ′ + kVT )
= −Φ′ − 4piGa
2
k2
3H∆pT − 4piGa
2
k2
(ρT + pT )kVT
+
4piGa2
k2
[−3ζ ′(ρT + pT ) + a(∆Qc + ξQc)]
−H4piGa
2
k2
(ρT∆T ) .
(21)
Then with the help of Eq.18 and Eq.19, Γ′ at kH  1 can be
written as,
lim
kH1
Γ′ = −Φ′ −H4piGa
2
k2
(ρT∆T )− 4piGa
2
k2
(ρT + pT )kVT
− 8piGa
2
k2
ΠT +
4piGa2
k2
{−fζ(ρT + pT )kVT
+
3a
kH
[Qc(V − VT ) + fc] + a(∆Qc + ξQc)
}
.
(22)
Here Einstein equations under Newtonian gauge and the
gauge transformation, Ψ = ξ + V ′T /k + VT /kH , Φ = ζ +
VT /kH can be used to get the following equation,
lim
kH1
Γ′ = S −HΓ , (23)
which is the same as the case when there is no interaction
between dark matter and dark energy (Hu 2008). However, if
there is no interaction,
S =
4piGa2
k2
{[(ρde + pde)− fζ(ρT + pT )]kVT } . (24)
In the IDE scenario, S may be modified as,
S =
4piGa2
k2
{[(ρde + pde)− fζ(ρT + pT )]kVT
+
3a
kH
[Qc(V − VT ) + fc] + a(∆Qc + ξQc)
}
,
(25)
which may cause system divergence when w is close to
−1(see below).
From Eq.20, it can be found that Γ → 0 when kH  1.
With a transition scale parameter cΓ, the equation of motion
for Γ on all scales can be written as,
(1 + c2Γk
2
H)[Γ
′ +HΓ + c2Γk2HHΓ] = S . (26)
Once the evolution of Γ is obtained, it is accessible to get
the energy density and velocity perturbations of dark energy,
Vde − VT = −k
4piGa2(ρde + Pde)F
[S − Γ′ −HΓ
+fζ
4piGa2(ρde + Pde)
k
VT
]
.
(27)
ρde∆de = −3(ρde + Pde)Vde − VT
kH
− k
2Γ
4piGa2
, (28)
with F = 1+12piGa2(ρT+pT )/k2. In the end, it is necessary
to give the forms of functions of fζ and cΓ. For the value of
cΓ, the perturbation evolutions of dark energy are insensitive
to its value according to Fang et al. (2008). We choose it to
be 0.4 in this paper. For fζ , it suffices for most purposes to
simply let fζ = 0 (Fang et al. 2008). To get the dark energy
perturbations in the synchronous gauge, please refer to (Hu
2008; Li et al. 2014c)
4. System divergence when w close to −1 in PPF
framework
4.1. Divergence of velocity perturbations of dark energy
It seems that the problem of the large-scale instability in all
the IDE models can be successfully solved within such a gen-
eralized PPF framework. In Li et al. (2014b) they constrain
the Qµde = 3βHρcu
µ
c model. And in Li et al. (2014c) they
constrain the Qµde = 3βHρdeu
µ
c model by using the itera-
tion method. They also testify the models of vacuum energy
interacting with cold dark matter in Li et al. (2015)by using
PPF approach. However, there is still a minor problem of this
method.
It can be found that Eq.27 is invariant under gauge trans-
formation and the right side of this equation is proportional to
1/(1 +w), which should come into notice when w is close to
−1. In the case that there is no interaction between dark mat-
ter and dark energy, we have S−Γ′−HΓ = 0 when kH  1
and S − Γ′ − HΓ = S when kH  1. Eq.23 shows that
S is proportional to ρde(1 + w) if there is no interaction. So
Vde − VT does not diverge when w is very close to −1. In the
upper two figures of Fig.1, we plot vde which transform form
Vde under comoving gauge into synchronous gauge and S un-
der synchronous gauge, with w = −0.9 and w = −0.9999,
respectively. The wave number k = 0.1Mpc−1. If w is very
close to −1, S will be close to 0, and therefore, vde is slightly
changed by the value of w.
However, in the the interacting dark energy model, S is
modified and has an additional part 3akH [Qc(V − VT ) + fc] +
a(∆Qc + ξQc) which is not proportional to 1 + w. So vde
would diverge when w is very close to −1. For example,
when using Qµde = 3βHρcu
µ
c model, Qc = −3βHρc, δQc =
−3βHρcδc, fc = −3βHρc(vc − v). We set k = 0.1Mpc−1,
β = −0.001 which is favoured by Li et al. (2014b),w = −0.9
and w = −0.9999, respectively. The lower figures of Fig.1
show the results.
The result shows a totally different situation, because S in
the IDE scenario has an extra part that is not proportional to
1 + w. When w is close to −1, vde would diverge. What is
more, vde − vT is a gauge invariant variable, so it cannot be
avoided by gauge transformation.
However, the system would not diverge unless the interact-
ing dark energy model is related to vde. For example, if the
model Qµde = 3βHρcu
µ
c is used, the interaction only affects
the evolution of dark matter and dark energy, and the per-
turbed continuity and Euler equations Eq.11 of dark matter
can be reduced to,
δ′c + kvc + 3H
′
L = −3aHβA, (29a)
(vc −B)′ +H(vc −B)− kA = 0. (29b)
It can be found that the Euler equation is the same as that in
the non-interacting case, which means there is no violation
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Figure 1. vde (red solid line) and S (black dashed line) under synchronous gauge. The upper panels are obtained by non-interacting case, while the lower panels
use Qµde = 3βHρcu
µ
c model, with w = −0.9, k = 0.1Mpc−1
of weak equivalence. Under synchronous gauge, vc can be
written as 0. The only signal of the dark sector interaction in
the structure formation to linear order is via the modification
of the background expansion history (Koyama et al. 2009). So
the divergence of vde does not impact the evolution equations.
However, if the interacting dark energy model is expressed
as Qµde = 3βHρcu
µ
de, there is an explicit deviation of the
dark matter velocity from that in the non-interacting case. The
perturbed continuity and Euler equations Eq.11 can be written
as,
δ′c + kvc + 3H
′
L = −3aHβA, (30a)
(vc −B)′ +H(vc −B)− kA = 3aHβ(vc − vde). (30b)
In this model, dark matter velocity vc is related to dark energy
velocity vde, which will affect the density perturbation of dark
matter δc. In the left side of Fig.2, the evolutions of density
and velocity perturbations are plotted at k = 1Mpc−1, w =
−0.9 and w = −0.9999, respectively.
It can be seen from the figures that with w approaching
−1, the energy density and velocity perturbations would di-
verge. Predictably, this kind of interaction will affect the mat-
ter power spectrum. In the left side of Fig.2, the matter power
spectrum of different redshifts are shown whenw = −0.9 and
w = −0.9999.
4.2. A visual attempt to steer clear of the divergence
Actually, if the interaction system does not contains vde di-
rectly, the divergence of vde would not cause physical prob-
lems. The previous transfer terms can be written as Eq.12,
In that model, the energy transfer perturbation is proportional
to ρc and momentum transfer perturbation is proportional to
ρc×vc. However, this paper takes account of the stress-energy
tensor δT νµ instead of δρ and v. The energy transfer perturba-
tion can be written as QIA+ δQI ∝ ρJδJ +ρJA, where J is
another fluid. In the mean time, the momentum transfer per-
turbation has the form fI +QI(v−B) ∝ (ρJ +pJ)(vJ −B).
It can be figured out that ρJδJ is δT 00,J component and
(ρJ + pJ)vJ is δT i0,J component. So it is reasonable to set
the interaction terms as,
Qde = −Qc = 3βHρx , (31a)
QdeA+ δQde = −QcA− δQc
= 3βH(δρx + ρxA) ,
(31b)
Qde(v −B) + fde = −Qc(v −B)− fc
= 3βH(ρx + px)(vx −B) , (31c)
where the subscript x refers to c or de, which represents dif-
ferent kinds of interacting dark energy model. For simplic-
ity, the energy transfer perturbation can be written as δQde =
−δQc = 3βHδρx.
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Figure 2. Left panels: density evolutions of dark matter (red solid line) and dark energy (black dashed line), together with velocity perturbations evolutions of
dark energy (blue dotted line) at k = 1Mpc−1, w = −0.9 and w = −0.9999. Right panels: matter power spectrum at different redshifts, w = −0.9 and
w = −0.9999, respectively. Here we use Qµde = 3βHρcuµde with β = −0.001
Compared with previous models, the energy transfer rate
in both background and perturbation are the same as the case
above. And the momentum transfer perturbation makes cor-
rection of (1 + w). The interaction we propose modifies the
total momentum transfer perturbation in a different way than
done in the existing literature and implies that fc and fde are,
fde = 3βH(ρx + px)(vx −B)−Qde(v −B), (32a)
fc = −3βH(ρx + px)(vx −B) +Qc(v −B) , (32b)
When x = c, the perturbed continuity and Euler equations
are just the same as Qµde = 3βHρcu
µ
c , for pc = 0. Thus
the only imprint of the dark sector interaction on δc is via
different background evolution of H and ρc. As for x = de,
the perturbed continuity and Euler equations will be
δ′c + kvc + 3H
′
L = −
3aβHρdeA
ρc
, (33a)
(vc −B)′ +H(vc −B)− kA
=
3aβHρde
ρc
(vc −B)− 3(1 + w)aβHρde
ρc
(vde −B).
(33b)
Under this condition, when vde is needed in this system, there
will be a correction of (1 + w), which can avoid the diver-
gence efficaciously. Fig.3 shows the matter power spectrum
when the parameterization is adopted with w = −0.9999.
The result reveals it returns to the normal case.
Actually, we have no idea about the nature of dark matter
and dark energy, much less the form of interaction between
them. So there may be a number of different interacting mod-
els. Based on the assumption in this paper, a more general
parameterization can be put forward which would not diverge
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Figure 3. Matter power spectrum using our new parameterization, withw =
−0.9999 and β = −0.001, the same conditions with lower right panel of
Fig.2.
when w is close to −1.
Qde = −Qc = C1ρc + C2ρde , (34a)
δQde = −δQc = D1δρc +D2δρde , (34b)
Qde(v −B) + fde = −Qc(v −B)− fc
= E1(ρc + pc)(vc −B) + E2(ρde + pde)(vde −B) .
(34c)
Set C1 = D1 = E1 = 3βH,C2 = D2 = E2 = 0, and the
parameterization will be the same as Qµde = 3βHρcu
µ
c . This
parameterization will be effective to explore the interacting
dark energy model in the PPF framework.
5. Conclusion
As the dominant components of the universe, dark en-
ergy may interact with cold dark matter in a direct, non-
gravitational way. Since the interactions are very common in
nature, the consideration of such interaction is quite reason-
able. However, human beings have no idea about the specific
formula of interaction. In order to testify the models with data,
it is necessary to investigate the cosmological perturbations in
the IDE scenario.
Dark energy is usually considered as non-adiabatic fluid.
The perturbation equations are completed by defining the
sound speed and adiabatic sound speed. Due to the incorrect
treatment of the pressure perturbation of dark energy, the early
time large-scale instability occurs in the IDE scenario. In or-
der to solve this problem, the PPF framework was put for-
ward to calculate the cosmological perturbations. Under this
framework, there is no need to calculate the density and veloc-
ity perturbations, which can avoid the instability successfully.
The fit results show that the full parameter space of this model
can be explored.
Nevertheless, PPF framework cannot solve the problem
completely in some specific models. For example, when
Qµde = 3βHρcu
µ
de, there is an explicit deviation of the dark
matter velocity from that in the non-interacting case, which
has an extra term proportion to vde. With the PPF approach,
vde diverges when w is close to −1. So the perturbation of
dark matter and the matter power spectrum will diverge.
In this paper, a visual attempt to steer clear of the diver-
gence is put forward. Since the nature of interaction between
dark matter and dark energy is unknown, the interaction terms
can be written optionally as long as it is not ridiculous. So in
this paper the density transfer and the momentum transfer are
assumed to relate to stress-energy tensor δT 00 = −δρ and
δT i0 = −(ρ¯+ p¯)vi, rather than δρ and vi. Finally, the general
parameterization is provided in which there is no divergence
when w is close to −1. The interaction between dark matter
and dark energy might be further explored by using the gen-
eral parameterization in the following works.
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